Abstract. This paper is a continuation of my earlier paper (Nyambuya 2007a) the Curved Spacetime Dirac Equation has been derived. This equation has been developed mainly to account in a natural way for the observed anomalous gyromagnetic ratio of fermions and the suggestions is that particles including the Electron, which is thought to be a point particle, do have a finite spatial size which is the reason for the observed anomalous gyromagnetic ratio. In this reading, I investigate four symmetries of this equation, Lorentz invariance, charge conjugation (C), time (T) and space (P) reversal symmetries. I show that this equation is Lorentz invariant, obeys C invariance symmetry and violates T and P symmetry but is TP & PT invariant. These symmetries show that anti-particles have positive mass and energy but a negative rest mass and the opposite sign in electronic charge. A suggestion is made that the rest mass of a particle must be related to the electronic charge of that particle. The equivalent Klein-Gordon and Schrödinger equation in curved spacetime are discussed. It is shown that these equations imply Bosons and atoms naturally must have a spin-orbit interaction when immersed in an ambient magnetic field. As currently understood, these equations can not account for spin-orbit interaction in a natural way.
"If one is working from the point of view of getting beauty in one's equation, and if one has really sound insights, one is on a sure line of progress ..."
-Paul Adrien Maurice Dirac (1902 Dirac ( -1984 I. INTRODUCTION The Dirac equation for curved spacetime derived in my earlier paper (Nyambuya 2007a ; hereafter Paper I), and because of its ability to naturally explain the anomalous gyromagnetic ratio of fermions, has been proposed as candidate equation to replace the Dirac in curved spacetime. The flat spacetime Dirac equation (Dirac 1928a (Dirac , 1928b in its natural and bare form, is unable to account for the gyromagnetic ratio in excess of, * Electronic address: gadzirai@gmail.com, fskggn@puk.ac.za or less than 2. This new Dirac equation for curved spacetime (Paper I) is given
where is the normalized Planck constant, c the speed of light, m 0 the rest mass of the particle, ψ the Dirac four spinor and is given
andγ µ are the gamma-bar matrices and are given
where σ i are the 2 × 2 Pauli matrices and I the 2 × 2 identity matrix. This equation has been shown in Paper I to explain the anomalous gyromagnetic ratio of fermions and from it emerges that the anomalous gyromagnetic moment of a fundamental fermion must lay in the range −1.00 ≤ a ≤ 1.82. The deviation from gyromagnetic ratio g = 2, as in the bare and natural Dirac theory, is because spacetime is curved and particles of a finite dimensions in this spacetime, will naturally exhibit a deviation from g = 2. The radius of fermions in this theory (Paper I) is at most equal to its Compton wavelength. The anomalous gyromagnetic ratio of the Proton is 1.79, placing it in that range but there is need for more work before one can say this with certainty. The unified theory proposed in the paper Nyambuya (2007b; hereafter Paper II) ought to be able to answer this question and shall be sort therein.
From a mathematical standpoint, there is no reason to believe in the non-validity of this equation as it legitimately flows from the nature of a curved spacetime. On Physical grounds, yes it can be rejected if it does not conform with experience. It appears to me, the best way to seek more and further ground for this equation is the obvious, apply it say, to the Hydrogen atom and search for any anomalous solutions and check if these anomalous solutions lead to observed phenomena. Given the non-linear nature of the equation, one will need to solve the equation numerically. An advantage of this equation, which appear so clear to me, is that, one does not and will not need the many Feynman diagrams to calculate the anomalous gyromagnetic ratio (for example see Brodsky Furthermore, down on the path to seeking more ground for this equation, it has been shown to emerge naturally from a different theory that I have proposed in another paper Nyambuya (2007b) (hereafter Paper II). The derivation given in Paper II is different from that of Paper I. The reverse of the derivation in Paper II goes as follows. If we multiply the Dirac equation 1 by ψ † from the right and square it, that is
where
, and from all this we have
The same calculation applies for the Curved Spacetime Dirac Equation, that is iψ †γµ ∂ µ ψ iψ †γµ ∂ µ ψ = −ρ 2 J µ J µ and the rest follows with one important difference -the non-linear or off-diagonals terms come into being just as the off-diagonal terms come into being in the derivation of the Curved Spacetime Dirac Equation (Paper I). The derivation in Paper II begins from equation 5 
where a = 0, 
and the case where a = 2 is the Majorana equation for both the Flat and Curved Spacetime hence let us call this family of solutions the Majoran Family of Solutions. We will not study these equations in this reading, but leave these for a latter reading.
II. PROPERTIES OF THE DIRAC EQUATION IN CURVED SPACETIME
A. ÁÒÚ Ö Ò ÍÒ Ö ÄÓÖ ÒØÞ ÌÖ Ò× ÓÖÑ Ø ÓÒ×
To prove Lorentz covariance two conditions must be satisfied:
Given any two inertial observers O and O
2. Given that ψ(x) is the wavefunction as measured by observer O, there must be a prescription for observer O ′ to compute ψ ′ (x ′ ) from ψ(x) and this describes to O ′ the same physical state as that measured by O.
It is easy to show that the 4 × 4 Dirac-bar matricesγ µ are equivalent up to a unitary transformation:
where U † = U −1 are the unitary matrices. Given equation 10 it is not necessary to make a distinction betweenγ ′µ andγ µ .
Now, since the Lorentz transformation are linear, it is to be required or expected of the transformations between ψ(x) and ψ ′ (x ′ ) to be linear too, that is
where S (Λ) is a 4 × 4 matrix which depends only on the relative velocities of O and
or we could write
We can now write (i γ
and multiplying this from the left by
Now using the fact that
we have
Therefore the requirement is that
or written differently 
B. ÁÒÚ Ö Ò ÍÒ Ö Ê ×Ø Å ×× ÓÒ Ù Ø ÓÒ
As was shown in Paper I, the energy equation for curved spacetime is given by,
where λ = ±1, 0 and the case λ = 0 is the flat spacetime of Special Relativity, λ = −1 is the case for a negatively curved spacetime and likewise λ = +1 is the case for a positively curved spacetime and
Let me take this opportunity to correct a error committed in Paper I. In this paper, it was stated that equation 19 leads to solutions that are exclusively positive or negative, this is not the case. The equation gives two solutions E + > 0 and E − < 0 -this leaves the problem of negative energy present but I shall try to address this in another paper that will follow the present. 
and now if we can find an arbitrary nonsingular matrix, Cγ 0 , such that
and then multiplying equation 21 by this, we are lead to the equation
where ψ c = Cγ 0 ψ * . Save for the minus sign on the left, equation 23 is the same as the original equation. If we are to make it identical to the original, the particle ψ c can be thought of as having a negative rest mass and with this assumption, equation 23 is transformed back to the original equation, hence thus, we have shown that equation 1 is invariant under rest mass interchange.
C. ÁÒÚ Ö Ò ÍÒ Ö Ö ÓÒ Ù Ø ÓÒ
Invariance under charge conjugation is a symmetry found in nature and was ushered into physics by the Paul A. M. Dirac. In the Dirac sense, it is a symmetry such that for each particle there exists an anti-particle where the anti-particle has the same properties as the particle except that its electronic charge, mass and energy is the exact opposite to that of the particle. However, there is the idea that anti-particles have a negative mass and energy is not settled and is treated with great care. In the Dirac theory, for example the existence of the electron (e − ) implies the existence of the positron (e + ). In the present context as implied by the curved spacetime Dirac Equation, we shall show that invariance under charge conjugation implies the existence of a particle with the opposite sign in its rest mass, that is negative rest mass, but having a positive energy thus settling the question of whether antiparticles have a negative mass and energy. To show this, we proceed as usual, first by bringing the particle under the influence of an external electromagnetic magnetic field A µ ; having done this, the normal procedure is to make the transformation ∂ µ −→ D µ = ∂ µ + ieA µ hence the curved spacetime Dirac equation will now be given by
If the above equation is to be invariant under charge conjugation, then
where D * µ = ∂ µ − ieA µ is the derivative with the reversed electromagnetic field and ψ c wave-function of the conjugated particle. The task now is to find a recipe or prescription that leads us from equation 24 to 26. We begin by taking the complex conjugate of equation 24 and then multiplying throughout by −1, and remembering that A µ is real, we have
Now, as before, we can find a nonsingular matrix Cγ 0 , satisfying 22, and with this given, we will have The operation Cγ 0 ψ explicitly constructs the wave-function of the Positron if ψ is the wave-function of the Electron which unlike the Dirac Positron, has a positive energy and mass, but a negative rest mass! If the conjugate particle is to have the opposite sign of the electric charge, the direct connection between rest mass and electronic charge is evident and inescapable. We see here that changing the sign of the electronic charge of a particle to entails the reversal of the sign of the rest mass -sure -there must exist a direct proportionality relationship or an odd (n = 1, 3, 5, ...) power law relationship. The suggestion is clear that
For now I will not seek to investigate this relationship but simple state that an intimate relationship between the rest mass and the electronic charge is entailed here. This idea, or link between the rest mass and electronic charge will be investigated in a part series of papers on the unified theory to be published in the Apeiron Journal (see Paper II).
D. ÁÒÚ Ö Ò ÍÒ Ö ËÔ ² Ì Ñ ÁÒÚ Ö× ÓÒ
We proceed to investigate another of the symmetries -invariance under space (otherwise also known as parity and symbolized P) and time T inversion or the lack thereof. Starting with space inversion, simple, space inversion is the transformation of the space coordinates x i −→ −x i and this implies ∂ i −→ −∂ i . Having made this transformation into equation 1, it will require us to take the complex conjugate of this equation, the result of these operations reduces to
where the tilde-gamma matrices are giveñ
and multiplying this by Cγ 0 throughout, one sees that it is no longer possible to have Cγ 0γµ =γ µ Cγ 0 to restore invariance but Cγ 0γµ =γ µ Cγ 0 , thus leading to
which is a different equation from the original and this equation leads to solutions whose energy-mass have been negated with respect to the original, space reversal symmetry is violated -under a space reversal, one can never find a recipe or prescription to construct a particle governed by the same Law(s), in this case, this Law(s) is equation 1. Proceeding to the translations under time intercharge, that is t −→ −t, we are lead once again to the same equation as above, hence thus, time symmetry is violated. However, the combined time and space operation TP or PT are not violated, this also means the CPT symmetry is not violated!
III. CURVED SPACETIME KLEIN-GORDON
Starting from equation 19, it follows that from the usual methods of canonical quantization, that the Klein-Gordon equation in curved spacetime will be given bȳ
where¯ = + λσ µν ∂ µ , ∂ ν . In the presence of an ambient magnetic field, for the case λ = −1, ∂ µ −→ D µ = ∂ µ + ieA µ , we will have
where the first term on the left handside of the equation is the normal term encountered in the Klein-Gordon theory and the second, third and forth terms are all new terms that come in because of the curvature of spacetime. It is easy to show that the first term, tells us that the angular momentum of a Klein-Gordon particle will interact with the ambient magnetic field. This is about all the Klein-Gordon theory can predict in its bare ad natural form. With the added terms, the theory naturally explains that not only will the angular momentum of a Klein-Gordon particle interact with the ambient magnetic field, but also the spin will. The interaction of spin is embodied in third term. The third term embodies an additional term incorporating the angular moment, the meaning of which is that a Klein-Gordon particle should when studied under the assumption of a flat spacetime -that is, from the bare KleinGordon theory -exhibit some anomalous component, that is, an excess of or less interaction of the particle with the ambient magnetic field as predicted by the bare Klein-Gordon theory.
IV. CURVED SPACETIME SCHRÖDINGER EQUATION
Here we will derive the anomalous gyromagnetic ratio of atoms from the Schrödinger equation in the non-relativistic limit in a curved spacetime. The energy equation 19 can be written
The Schrödinger equation is derived as a first order equation from the Klein-Gordon equation and likewise the Schrödinger equation for curved spacetime will be derived in the same way. Equation 34 can be written
Considering the non-relativistic case c 2 P 2 ≪ m 2 0 c 4 , to first order approximation, we have
and upon making the canonical transformations, one is lead to the modified Schrödinger equation
where V = ±m 2 0 c 2 /m and the space-space ∂ i ∂ j terms here have been neglected. By treating atoms in a semi-classical manner in semi-classical quantum mechanics, under the influence of ambient magnetic field, one is naturally lead to the modified Schrödinger equation
where the symbols have their usual meaning in standard quantum mechanics. From a purely classical ventage-point, it is expected that g = 1 and this term incorporating spin, is actually added into the Schrödinger theory by hand and thus is not a prediction of the theory. This problem of naturally incorporating spin into quantum mechanics, was solved by Dirac when he proposed his flat spacetime Dirac Equation (Dirac 1928a (Dirac , 1928b . The actual value of g varies depending on the atom in question. There is no known way to actually calculate this value from theory and here, it is seen that the new non-linear term, or the new added term to the Schrödinger equation, will give raise to a new term which can be used to explain and calculate this value from theory. If we set A = µ Br × B, then, the non-linear term will give rise to A i = r · A =r × r · µ B B wherer = (xî + yĵ + zk)/| r| is a unit vector and r =î +ĵ +k and inserting this into equation 38 with the modification ∂ i −→ ∂ i + ieA i made to it, we are lead to the new term
where n is the spin quantum number and has been inserted by hand so that the second term in the brackets resembles, matches or make it be in a form easy to make it be associated with spin. If this term is taken to be the spin, then the spin of atoms inside a magnetic field will have a specific orientation r × r, relative to the geometry of the magnetic field. It is clear that the
is the implied gyromagnetic ratio for Schrödinger particles in a curved spacetime. Since the rest mass is here associated with electronic charge, it can be associated with electromagnetic energy and the mass with he inertia hence the gyromagnetic ratio is here seen as the measure of the electromagnetic energy and inertia energy. The sign, ±, of the gyromagnetic ratio is a measure of the net electromagnetic energy, that is, whether the atom has a net positive or negative electromagnetic energy since the inertia energy is always positive. The result of these symmetries are summarized in figure 1 . From this diagram we see that we can only have two kinds of Electrons, the normal Electron facing up and with its hand of time in the forward direction or an Electron which is facing down and having its hand of time in the backward direction. Unlike the Dirac theory, the present theory predicts that T, P, CT and CP symmetries will be violated. The CP violation is incorporated, rather artificially by hand in the current Standard Model by including a complex phase in the CKM matrix describing quark mixing but here the Curved Spacetime Dirac Equation explains it naturally and non-exogenously.
To find a definitive answer to the question do neutrinos have a finite mass is a milestone for physics. The current Standard Model of particle physics assumes that neutrinos are massless, although sometimes this assumption is dropped. In this reading, we have suggested that there must exist a direct proportionality relationship between rest mass and electronic charge and if this is the case, then any fundamental particle of nonzero electronic charge will have a finite rest mass, hence given that neutrinos have no net electronic charge, they will according to the foregoing, have a zero-rest mass! Lastly, it has been shown that spin-orbit interaction naturally occurs for both Klein-Gordon and Schrödinger particles and this phenomena is due to the curved nature of spacetime itself. From the bare Klein-Gordon and Schrödinger theories, this is not the case as spin-orbit interaction must be inserted by hand and is found from within the theory itself.
